Abstract-In this paper, we present a theoretical study of bandwidths of broadband chaotic signals generated by a singlemode vertical-cavity surface-emitting laser subjected to optical injection and feedback. Both parallel and orthogonal optical injections are considered. Bandwidths of the linearly polarized and total signals are analyzed for different values of the linear dichroism and frequency of the injected field. For the case of parallel optical injection, our results are in agreement with recent experimental results of Hong et al. Both linear polarizations are excited when orthogonal optical injection is considered. In this case, the dependence of the orthogonal polarization bandwidth on the frequency detuning is similar to that found in the case of parallel injection. We also predict that the selection of the orthogonal polarization can give a much larger value of the chaotic bandwidth than that obtained in the total emitted power.
can be easily achieved by using optical feedback [13] , optical injection [18] or even by their own intrinsic dynamics [10] . One of the most important quantities for the applications of the optical chaos is the bandwidth of the chaos. Methods developed to enhance this bandwidth have focused on the use of single optical injection in VCSELs [19] [20] [21] or DFB [22] , [23] subject to optical feedback, double optical injection in chaotic Fabry-Perot laser diodes [24] or VCSELs with a fiber ring resonator [25] . Very recently, Hong et al. [19] , [20] have experimentally developed several strategies to enhance the chaotic bandwidth: continuous wave (CW) or a chaotic beam unidirectionally injected into a chaotic slave VCSEL, a chaotic VCSEL unidirectionally and mutually coupled with a CW VCSEL, and a CW VCSEL coupled with another CW VCSEL.
In this work we theoretically analyze the situation in which a CW beam is unidirectionally injected into a chaotic single transverse mode VCSEL. The slave VCSEL has chaotic dynamics because it is subject to optical feedback. It has been experimentally shown that this strategy enhances the bandwidth of chaos [20] . Experimental conditions of [19] , [20] correspond to the case of parallel optical injection. In this type of injection linearly polarized light is injected parallel to the linear polarization of the free-running VCSEL. We first consider this type of injection to compare with the experimental results of [20] . Good agreement is found between theory and experiment for the dependence of the chaotic bandwidth on the frequency detuning. We also study this dependence in the case of orthogonal optical injection in which linearly polarized light is injected orthogonally to the linear polarization of the free-running VCSEL. To the best of our knowledge, all the analysis of the chaotic bandwidth have only considered the value obtained with the total power emitted by the VCSEL. Since VCSELs have interesting and singular polarization properties [3] , our aim in this work is to study theoretically the chaotic bandwidth of total power and also of both linear polarizations of the fundamental transverse mode of the VCSEL. Being the principal objective to obtain a bandwidth as large as possible we find the conditions for which the selection of a linear polarization gives a higher value of the chaotic bandwidth than that obtained in the total emitted power.
This paper is organized as follows. In section II we present our theoretical model, which takes into account optical feedback and optical injection. Section III is devoted to the case of parallel optical injection, and Section IV to the case of orthogonal optical injection. Finally, a summary and conclusions are presented in section IV.
II. THEORETICAL MODEL AND PROCEDURE
In this work we have considered a rate equation model for the polarization of a VCSEL based on the spin-flip model (SFM) [9] , [26] , in which we introduce an injection term (to account for a linearly polarized optical injection in the x direction) as in [27] and a feedback term similar to [28] . We consider an x direction that is in the plane defined by the VCSEL DBRs in such a way that it is parallel or orthogonal to the direction of the linear polarization of the free-running VCSEL. We use the parameters corresponding to a typical single transverse mode VCSEL that were obtained in [26] and [29] . The model equations are given in (1)- (4), where E x,y are the two linearly polarized slowly varying components of the (scaled) field in the orthogonal x and y directions, and D and n are two (scaled) carrier variables. D accounts for the total population inversion between conduction and valence bands, while n is the difference between the population inversions for the spin-up and spin-down radiation channels, and t is the independent variable time. The scaled total population inversion is given by D = G N (N − N t )/(2κ), where G N = 2.152 · 10 4 s −1 is the differential gain, κ = 33 ns −1 is the field decay rate and N and N t = 9.6 · 10 6 s −1 , are the number of carriers in the active region and at transparency, respectively. The same scaling factor is used for n. The rest of internal VCSEL parameters are as follows: α = 2.8 is the linewidth enhancement factor, μ is a normalized bias current, γ s = 2100 ns −1 is the spinflip relaxation rate, γ a is the linear dichroism, γ = 2.08 ns −1 is the decay rate of D and γ p = 95.19 ns −1 is the linear birefringence.
The scaled spontaneous emission rates are given by 
The injection term is included in equation (1): κ E inj e i ωt , being E inj the strength of the injection, which is fixed in this work at the value of 0.8. ω = ω inj − ω 0 is the angular frequency detuning between the angular frequency of the injected light, ω inj , and ω 0 , the intermediate angular frequency between those of the x and y polarization, ω x and ω y . These frequencies are 
In this way ω = 2π ν x + αγ a − γ p . The optical feedback terms are the last ones in equations (1) and (2), where k f is the strength of the feedback, fixed in this work at 5 ns −1 and τ is the feedback roundtrip time, whose value is 80 ns, similar to the experiments of [19] and [20] .
We have performed several numerical simulations of equations (1)- (4) in order to study the variations of the chaos bandwidth with the frequency of the injection and the linear dichroism. Several values of this dichroism will be considered in order to have the free-running VCSEL emitting in the x or y direction at the operating bias current: in this way parallel or orthogonal optical injection will be achieved, respectively. The chaos bandwidth is defined by using the radiofrequency spectra of the temporal traces of the power obtained through the simulations of the model. We define the chaotic bandwidth as the span between the dc and the frequency where 80% of the energy is contained within it [19] [20] [21] [22] .
III. NUMERICAL RESULTS I: PARALLEL OPTICAL INJECTION
In this section we consider a negative value for the linear dichroism (γ a = −5 ns −1 ). In this way the x polarization dominates the output of the model and, since we are injecting in this direction, we are in a situation of parallel optical injection. Then in this section x and y directions correspond to the parallel and orthogonal polarizations, respectively. In Fig. 1 we show the chaotic bandwidth values of the total power obtained for different values of frequency detuning ν x .
The behavior is almost symmetrical respect to ν x = 0 GHz. As we can see, the bandwidth is enhanced for several values of the frequency detuning, and it clearly depends on it. Injection has little effect when ν x < −21 GHz and ν x > 22 GHz. In this case the chaotic bandwidth reaches the value corresponding to the VCSEL without optical injection, which is close to 3.6 GHz. It reaches abruptly a large value of almost 13 GHz at ν x = −16 GHz. For larger values of ν x up to −4 GHz the bandwidth decreases linearly with a slope close to −1. A plateau, with a bandwidth value close to 4GHz, is obtained for ν x between −4 GHz and 1 GHz. For 1 GHz < ν x < 13 GHz a linear increase, of slope close to 1, is observed. Finally, an abrupt decrease is obtained, similar to the one observed for negative values of ν x .
In order to understand the behavior reflected in Fig. 1 , we have obtained the optical and radiofrequency (RF) spectra for several values of ν x . In Fig. 2 we show the most representative cases. These spectra have been calculated by using a 1 ps sampling time and an average over 50 temporal traces of 131.072 ns duration after a transient of 500 ns. Optical spectrum corresponding to the x-polarization is calculated as 10 log 10 
Radiofrequency spectrum corresponding to P x (t) = |E x (t)| 2 is calculated as 10 log 10 <|P x (ν)| 2 > where P x (ν) is the FFT of P x (t). Similar definitions are also used for y-polarized and total signal. Frequency in the horizontal axes of the optical spectra are relative to ν x . In Fig. 2(a) -(b) both optical and radiofrequency spectra are shown for the case of no injection, that is, the VCSEL is only subject to optical feedback. As we can see, only x polarization shows dynamical behavior and the y polarization is highly suppressed. This situation is maintained when the VCSEL is also subject to optical injection. Fig. 2(b) shows that the RF spectrum has a broad peak centered around 3.1 GHz, which is the frequency of the relaxation oscillations. In Fig. 2(c) -(d) optical injection is introduced with a detuning of ν x = −21 GHz. In the optical spectrum the peak of the injection is clearly observed at −21 GHz, separated from the broad peak due to the feedback. We can see also two peaks in the RF spectra, one due to the effect of feedback (it is similar to that of Fig. 2(b) ) and the other due to the injection, whose maximum is located at 19.7 GHz, close to | ν x |. These two peaks are clearly defined while the value of | ν x | is large enough. The chaotic bandwidth is 4.7 GHz for Fig. 2(d) , so the 80% of the power is contained in the feedback peak. However, when ν x = −11 GHz (Fig. 2(e)-(f) ), the bandwidth has increased its value to 9.9 GHz, so now the 80% of the power is reached in the injection peak. The bandwidth increases when ν x = −11 GHz because the feedback and injection peaks are more similar in magnitude than in Fig. 2(d) .
The peaks of the injection and feedback almost merge in both spectra when ν x = −5 GHz (Fig. 2(g)-(h) ). Looking again at Fig. 1 , it is possible now to find an explanation for the dependence of the bandwidth on ν x . When ν x < −20 GHz, the 80% of the power is found in the feedback peak. In this way the bandwidth does not change with ν since that peak does not depend on ν x . When ν x gets the value of −13 GHz, the 80% of the power appears close to the injection peak, and so the frequency of the injected field is changed, the same does the bandwidth. Consequently, an almost linear behavior with slope −1 is obtained if −13 GHz < ν x < −6 GHz. The same explanation is valid for the positive values of the detuning up to 13 GHz, as it is shown in Fig. 2(i)-(j) , where the two peaks can be easily distinguished: a linear relationship between the bandwidth and ν x with slope close to 1 is obtained if 3 GHz < ν x < 13 GHz. The plateau for ν x between −4 GHz and 3 GHz is obtained in the region where the two peaks merge. The increase and drop of the bandwidth, for −17 GHz < ν x < −13 GHz and 13 GHz < ν x < 17 GHz respectively, are obtained in the transition regions in which the 80% is reached in the intermediate region between the feedback and the injection peaks. The cases of ν x > 17 GHz are very similar to the case shown in Fig. 2(c)-(d) .
These numerical results can be compared to the experimental results presented in [20] . We have found qualitatively the same behavior of the bandwidth with the frequency detuning. In our simulations we have considered the value of the experimental delay time of [20] . In [20] maximum chaotic bandwidths around 4.5 GHz are obtained at frequency detunings of −5 and 7.5 GHz. In our calculations maximum chaotic bandwidths around 13 GHz are obtained at frequency detunings of −17 and 14 GHz. We attribute these differences to our lack of information about the parameters of the VCSEL and the feedback and injection strengths.
IV. NUMERICAL RESULTS II: ORTHOGONAL OPTICAL INJECTION
The second group of results concerns to the cases where polarization plays a significant role in the dynamics. We have considered three different values of γ a : 0, 0.3 and 3 ns −1 . In contrast to the previous section, the VCSEL is emitting in the y polarization in the absence of optical injection. Since we are injecting in the x direction, we are now in a situation of orthogonal optical injection. Then in this section x and y directions correspond to the orthogonal and parallel polarizations, respectively.
In Fig. 3 the chaotic bandwidth as a function of ν is presented for these values of γ a . This figure shows that the selection of a linear polarization can be useful to obtain a value of the bandwidth larger than that obtained with the total power. We find a wide range of negative ν x for which the selection of the x polarization enhances the bandwidth with respect to that obtained with the total power. Fig. 3(a) and Fig. 3(b) show that, for the cases of γ a = 0 and 0.3 ns −1 , the qualitative behavior of the bandwidth of the x polarization is similar to the one of the total power for γ a = −5 ns −1 . In Fig. 3(a) , for ν x < −6 GHz, the x polarization provides a wider bandwidth than the total power. For −6 GHz < ν x < 13GHz the results are very similar to the ones for the total power because there is a polarization switching (there is only appreciable emission in the x polarization), as it will be discussed later on. In Fig. 3(a) the bandwidth of the y polarization is lower than those of the total and x polarization, with the exception of −5 GHz< ν x < 2 GHz. In this range the bandwidth is very large. However this very large bandwidth is not of interest because the power of the y polarization is very small. Fig. 3(b) shows that a rather similar behavior is found when increasing γ a to 0.3 ns −1 . Now the bandwidth for the x polarization is larger than the one for the total power only for a narrower range of frequency detunings, −14 GHz < ν x < −6 GHz. Polarization switching occurs also in a narrower range, −5 GHz < ν x < 10 GHz, than that of Fig. 3(a) . The bandwidth of the y polarization coincides with that of the total power for large values of | ν x |. For small values of | ν x |, the bandwidth corresponding to the y polarization reachs again very high values (around 40 GHz). The reason of this is that the RF spectrum is almost flat, and so the 80% of the power for our spectrum that is calculated up to 50 GHz, is contained in approximately 40 GHz. Also, similarly to Fig. 3(a) the power in this region of the y-polarization is very small.
The increase of the γ a value to 3 ns −1 produces very different results, as it is shown in Fig. 3(c) . The x polarization shows high bandwidth values (approximately 40 GHz) for frequency detunings lower than −25 GHz and higher than 20 GHz. That implies the same situation already described for the y polarization in the central region of ν x for the previous cases: a flat RF spectrum with very low power in the x polarization. As we can see here, the total power and the y polarization bandwidth values are basically constant, with changes only between −5 GHz and 0 GHz of ν x , where again a polarization switching appears.
To better understand these results, some optical and RF spectra are now presented for γ a values considered in Fig. 3 . Fig. 4 shows these spectra for γ a = 0 ns −1 . In Fig. 4(a)-(b) the case of no injection (only feedback) is shown. Chaos in both polarizations is now observed, in contrast to Fig. 3(a)-(b) . Fig. 4(b) shows that RF spectra corresponding to the linear polarizations and total power have a broad peak close to 3.1 GHz. Fig. 4(c)-(d) show the results obtained when the VCSEL is also subject to optical injection at ν x = −25 GHz. In the optical and RF spectra, the peak of the injection appears in the x polarization. This peak appears at −23 GHz in the RF spectrum. In this situation, the 80% of the power for the three fields (total, x and y polarizations) is contained in the feedback peak. The same result is obtained for ν x = −17 GHz (Fig. 4(e) -(f)): the spectra are very similar to the previous ones and the bandwidth value for the x polarization is 6.99 GHz. However, in Fig. 4(g)-(h) , where ν x = −11 GHz, the situation has changed, as reported in the RF spectra. Now, for the x polarization the 80% of the power is reached in the injection peak (which explains the linear behavior in Fig. 3(a) similar to that of Fig. 1) , whilst in the total power and the y polarization is still reached in the feedback peak. That leads to a higher value of the bandwidth of the x polarization than that of the total and y polarization. For ν x between −6 and 13 GHz the same values of the bandwidth for total power and x polarization is obtained. As already said, that means that polarization switching occurs in this range of ν x . A case of this situation is reported in Fig. 4(i)-(j) , where ν x = 7 GHz. Now the 80% of the power is contained in the almost merged feedback and injection peaks, for both the total power and the x polarization. The y polarization power is much lower than that of the x polarization, as is shown in the RF and optical spectra, a characteristic sign of polarization switching. For ν x > 13 GHz, the system is out of the polarization switching region and similar results to those for ν x < −11 GHz are obtained.
Now we analyze the case of γ a = 0.3 ns −1 , reported in Fig. 5 . We have chosen this value because it is close to that measured in [26] . Similarly to Fig. 4(a)-(b) , in Fig. 5(a)-(b) the situation of no injection (only feedback) is shown. Again chaos in both linear polarizations appears. The contribution of the y polarization to the total optical spectrum is larger than in Fig. 4(a) since the positive value of the linear dichroism favours this polarization. Also Fig. 5(b) shows that the chaotic bandwidth for the y polarization is larger than that of the x polarization. For a frequency detuning of −20 GHz (Fig. 5(c)-(d) ) the peak of the injection appears in the x-polarized and total RF and optical spectrum. Here the bandwidth of the y polarization is larger than the one of the x polarization in contrast to the situation of Fig. 4(c)-(d) . Comparison between Fig. 3(a) and (b) when ν x < −15 GHz shows this same trend: chaotic bandwidth for the y polarization is larger (smaller) than that of the x polarization when the dichroism favours (does not favour) the y polarization. In the next case (Fig. 5(e)-(f) ), where ν x = −12 GHz, the 80% of the power is reached in the feedback peak for the total and y polarization while for the x polarization is reached in the injection peak, so the selection of this polarization produces an enhanced spectrum: the situation is similar to that illustrated in Fig. 4(g)-(h) .
Similarly to γ a = 0 ns −1 , a polarization switching is found for −5 GHz < ν x < 10 GHz and therefore the same values of the bandwidth are obtained for total power and x polarization. An example of this situation is reported in Fig. 5(g)-(h) , where ν x = 7 GHz, similar to the one in Fig. 4(i)-(j) . The peaks corresponding to injection and feedback are present in the spectra of the total power and x polarization. Finally, for ν x = 12 GHz (Fig. 5(i)-(j) ) we recover a similar situation to that of Fig. 5(e)-(f) . The polarization switching no longer appears and the bandwidth of the x polarization is larger than those of the total power and y polarization, because the 80% of the power of the RF spectrum reaches the peak corresponding to the injection. For higher values of ν x , similar results to those obtained for large negative frequency detuning are found.
The last group of results are those corresponding to γ a = 3 ns −1 , reported in Fig. 6 . In Fig. 3 we showed that the behavior of the bandwidth with the frequency detuning is qualitatively different from the cases of γ a = 0 and 0.3 ns −1 . Taking into account only the feedback (Fig. 6(a)-(b) ), the peak corresponding to the x polarization is highly suppressed in the optical spectra. Looking at the RF spectra, the peak of the relaxation oscillations appears in the y polarization, while the spectrum of the x polarization is almost flat and very low, which explains the high value of the bandwidth. In Fig. 6 (c)-(d) injection is introduced with ν x = −21 GHz. In the optical spectrum the peak of the injection is observed, though the y polarization still dominates emission. This peak also appears in the RF spectrum, and its broad shape makes this spectrum rather flat providing a high value of the bandwidth. This large value has no interest because the power of the x polarization is very small. For ν x = −7 GHz (Fig. 6(e)-(f) ) there is polarization switching that extends up to ν x = 1 GHz. Optical injection is now effected close to the orthogonal polarization resonance wavelength and the x polarization is excited. RF spectrum of the total, x and y polarization are similar, resulting in similar values of the bandwidth, as also shown in Fig. 3(c) . Fig. 6 (g)-(h) ( ν x = −5 GHz) shows a more clear polarization switching situation in which the x polarization is clearly dominant. The bandwidths of the total power and x polarization have the same value, around 7 GHz. Finally, when ν x = 1 GHz (Fig. 6(i)-(j) ) the system is almost out of the situation of polarization switching. In this case we observe a more periodic dynamic, since in the spectra clear peaks are obtained, especially for the x polarization. In the optical spectrum, these peaks are separated approximately 5.2 GHz, which is the frequency of the largest peak observed in the RF spectrum. For ν x > 1 GHz, the results are similar to that of ν x = −15 GHz.
We now discuss the underlying reason why the selection of the orthogonal polarization can give a much larger chaotic bandwidth than that obtained in the total emitted power. Fig. 7 shows the time traces of the power of both linear polarizations and of the total power when ν x = −17 GHz and γ a = 0 ns −1 . Fig. 7 shows an anticorrelated dynamics between both linearly polarized powers. This antiphase dynamics occurs in a slower time scale than that corresponding to the fast oscillations that appear at a frequency close to | ν x |. This anticorrelation enhances the chaotic character of the power of the orthogonal polarization with respect to that of the total power.
V. DISCUSSION AND CONCLUSIONS
Methods for increasing the bandwidth of chaotic semiconductor lasers are specially based on optical injection. Experimental studies using slave DFB lasers [22] , [23] and theoretical analysis of single-mode laser diodes [30] have demonstrated that injection into the lasing mode of a laser subject to optical feedback can increase the bandwidth. It would be expected that the case of a VCSEL subject to parallel optical injection analyzed in Sect. III would strongly resemble the single-mode case. This is confirmed when comparing with experiments reported in [22] in which the qualitative dependence of the chaotic bandwidth as a function of the detuning of the injected light is similar to that found in Sect. III.
We have used a spin-flip relaxation rate that corresponds to the value that we have measured for a 1550 nm VCSEL device [26] . For this spin-flip rate, an adiabatic elimination of the n variable can be performed. So spin-flip effects do not play a role in the analysis and our results are more dichroism related.
In this work we have analyzed in a theoretical way the bandwidth of the chaotic spectrum of a VCSEL subjected to feedback and to parallel or orthogonal optical injection. We have shown that the injection can broaden the chaotic spectrum, in agreement with previous experimental results [19] , [20] . For the parallel optical injection, in which the polarization does not play any role, values of approximately 13 GHz of bandwidth can be achieved, much larger than the 3.6 GHz value obtained without injection. Almost symmetrical shape of the dependence with the detuning has been found. These numerical results are qualitatively similar as those obtained in recent experiments [20] . Our detailed optical and RF spectra allow to explain this behavior: the key is whether the 80% of the total power in the RF spectrum is reached in the injection peak or not. When it is reached, the value of the bandwidth is linearly correlated with the frequency detuning, ν x . This situation is obtained for a wide range of ν x.
In the case of orthogonal optical injection polarization becomes important and different behaviors for the total, x and y polarizations are obtained. We have analyzed the effect of this type of injection in different VCSELs characterized by different values of the dichroism. The behavior of the bandwidth of the orthogonal (x) polarization with the frequency detuning is very similar to the case of parallel injection providing that the VCSEL has not a very large value of the dichroism. We have shown that a broader spectrum can be obtained if the orthogonal polarization is selected for negative values of the frequency detuning. In this way the selection of the orthogonal polarization can be useful to achieve a higher bandwidth than the one obtained for the total power.
